This article investigates the effect of distance-dependent noise on optimal transponder distance in a moving long baseline positioning system. First, according to the positioning model of the moving long baseline positioning system, the relationship between measurement noises and positioning error is established. Second, a cost function is proposed to evaluate the positioning performance. Then, based on the optimal formation, the optimal distance is deduced. Finally, the relationship between the optimal distance and the parameter for the distance-dependent error is proposed. By using this relationship, the effect of distance-dependent measurement noise on optimal distance is analyzed. Simulation examples illustrate the results.
Introduction
As energy and robotic technologies developed, autonomous underwater vehicle (AUV) is widely used in both military and civilian fields. It plays an important role in submarine topography detection, mine-hunting, target or animal tracking, disaster response, and oceanographic surveys. [1] [2] [3] The location information of AUV plays a very important role in these missions. However, as the electromagnetic waves decay rapidly in water, the popular Global Positioning System (GPS) cannot be used locate the AUV. [4] [5] [6] The research of the positioning technology is of great significance. Acoustic wave, as the only information carrier in water, provides a viable alternative to locate AUV. Many acoustic positioning systems have been proposed in the past. [7] [8] [9] Among these positioning systems, the long baseline (LBL) positioning system has the highest positioning accuracy, but it has several shortcomings, for example, requiring long time for deployment and calibration, and limited operating region.
Based on LBL, Advanced Concepts and Systems Architecture (ACSA) company developed a GPS intelligent buoy (GIB) positioning system. In GIB, the transponders on the sea floor are replaced by the GPS buoys. 10 Compared to traditional LBL, GIB has the following advantages: the buoys are on the water School of Energy and Power Engineering, Nanjing University of Science and Technology, Nanjing, China surface, which requires less time for deployment, calibration, and recovery. In order to locate AUV in a large-scale region, moving long baseline (MLBL) positioning system is brought up. 11 MLBL is a generalization of LBL by replacing the pre-calibrated arrays of static transponders with mobile buoys. 12, 13 In MLBL, the mobile buoys are equipped with GPS receiver, and they can get the position information of themselves. According to the position information of mobile buoys and the distance measurements between AUV and mobile buoy, the absolute position of AUV is estimated. 14 The MLBL system is shown in Figure 1 . As shown in the figure, four unmanned surface vehicles (USVs) are equipped with transponders, GPS, and wireless communications, and AUV is equipped with transponders. By using the acoustic transponders, the distances between AUV and USVs are measured. According to the distance measurements, the position of AUV relative to USVs is obtained. Combining the absolute positions of USVs, the absolute position of AUV is achieved.
In the past few years, many range-based positioning algorithms have been proposed, such as least squares, Kalman filter, and maximum likelihood estimation. 9, [15] [16] [17] [18] [19] [20] Through the observability analysis and experiments of MLBL, researchers find that the positioning performance of AUV is closely related to the formation of mobile buoys. Hence, a large amount of work has been done on the optimal formation of mobile buoys. Based on the Crame´r-Rao low bound (CRLB) and Fisher information matrix (FIM), the cost function is established to metric the positioning performance of AUV. By minimizing CRLB or maximizing FIM, the optimal formation of mobile buoys is deduced. [21] [22] [23] [24] [25] In these cost functions, the distance measurement noises between AUV and mobile buoys are considered. However, the influence of the position noises of mobile buoys is ignored. In MLBL, the absolute position of AUV is calculated by using the positions of mobile buoys and the distances between AUV and mobile buoys. Hence, the position measurement noises of mobile buoys and the distance measurement noises between AUV and mobile buoys have an immediate impact on the positioning performance. 2, [26] [27] [28] Considering the distance measurement errors and the position errors of mobile buoys, we propose a cost function to evaluate the positioning performance of AUV.
In previous works, the distance measurement noise between AUV and mobile buoy is assumed to be white Gaussian noise. In this case, the positioning performance is irrelevant to the distances between mobile buoys and AUV. It does not meet the actual situation. Hence, we establish a distance-dependent measurement noise. According to this, we analyze the relationship between the positioning performance and the distance measurement noise. The main contribution of this article is threefold: (1) considering both distance measurement error and position error, the cost function is established; (2) based on the distance-dependent measurement noise, the optimal distance is calculated; (3) the effect of distance measurement noise on optimal distance and positioning performance is analyzed.
The remainder of the article is organized as follows. The positioning model of MLBL is presented in section ''Positioning model.'' In section ''Cost function,'' the positioning error of AUV is analyzed, and the cost function is proposed with distance and position noises taken into account. Based on the optimal formation of mobile buoys, the relationship between optimal distance and the parameter of distance measurement noise is presented in section ''Optimal distance.'' The sensitivity of optimal distance to changes in distance-dependent measurement noise is analyzed in section ''Effect of distance measurement noise.'' Illustrative simulations results are presented in section ''Simulations,'' followed by a short section ''Conclusion'' of concluding remarks. The proofs of several technical results are reported in Appendix 1.
Positioning model
Consider an earth fixed reference frame fOg :¼ fx 0 , y 0 , z 0 g with z = 0 on water and the z-axis pointing downward from the sea. The coordinate of mobiles buoys is (x i , y i , z i ). Assuming the distance measurement between mobile buoy M i and AUV is r i . The position of AUV (x, y, z) should satisfy the following distance equation Similarly, define r j as the distance measurement between mobile buoy M j and AUV, the distance equation between mobile buoy M j and AUV is established. The mobile buoys are on the water, that is, z i = z j . Then we have
where (x, y) is the position of AUV that needs to be estimated. Supposing there are m mobile buoys to locate AUV, the positioning model is described as
where A and B are m 3 2 matrices, and X is 2 3 1 matrix
Cost function

Positioning error
As shown in the positioning model, the position of AUV is determined by the distance measurements and the position measurements of mobile buoys. Assuming these measurements contain noises, the differential form of equation (3) with respect to X is written as
where
Then, the positioning error of AUV is described as
Cost function in optimal formation
In subsection ''Positioning error,'' we get the positioning error of AUV. In this section, a variance analysis method is proposed to analyze the positioning error. In equation (16) , the expressions for positioning error dX is derived. According to the properties of covariance matrices, we get the following upper bound
It is obvious that G is known and F is related to the noises of distance measurements and position measurements.
In MLBL, the distance between mobile buoy and AUV is measured by acoustic transponders. Generally, the distance measurement noise is modeled as a Gaussian white noise. However, this assumption is contrary to realism. In practice, the distance measurement error increases with the distance. To better capture the physical reality, we assumed that the distance measurement noise is distance-dependent. The noise model of distance measurement r i is written as
where h shows the relationship between distance r i and measurement noise e r i . e r i and e are Gaussian stochastic processes with e r i ;N(0, s
) and e;N (0, s 2 r ), respectively. They satisfy that s
The position of mobile buoy is measured by GPS, and the measurement noise (e x i , e y i ) of mobile buoy (x i , y i ) is captured by zero mean Gaussian white noise with e x i ;N (0, s
) and e y i ;N(0, s
Based on the the properties of matrix trace, that is, the trace of a matrix is equal to the sum of the diagonal elements, we get tr E dD pos dD
In previous works, the optimal formation of mobile buoys is derived. The optimal formation is that the mobile buoys are on the vertices of a regular polygon centered at AUV. The optimal formation of four and five mobile buoys in two dimension (2D) are shown in Figure 2 . As shown in Figure 2 , the projection of AUV on the water surface is in the center of a regular polygon, and the mobile buoys are on the vertices of this regular polygon.
Assuming
In the optimal formation, mobile buoys are on the vertices of the regular polygon. 
It follows that
Combining equations (17), (21), and (23), the cost function in optimal formation is proposed
Optimal distance
In subsection ''Cost function in optimal formation,'' the cost function in optimal formation is proposed. As shown in equation (24), the positioning performance is related to the number of mobile buoys m, the distance between AUV and mobile buoy r, the depth of AUV h, and the parameters of noises s r , s s , and h. In these parameters, m and r are related to the configuration of mobile buoys. By regulating the number of mobile buoys and the distance between AUV and mobile buoy, the positioning performance can be improved. It is obvious that the positioning accuracy increases as the number of mobile buoys increases. Hence, in this section, we will analyze the optimal distance. By minimizing the cost function in optimal formation, we can obtain the optimal distance between AUV and the mobile buoy. That is, by minimizing the monotonicity of function J cost with respect to distance r, the optimal distance is calculated. The differential equation of J cost with respect to r is written as
Note that f (s r , r, h, m, h).0, the minimum value of J cost is reached when g(r, h, h) = 0. Define g(r, h, h) = 0, the optimal distance is deduced by the Cardan method r opt h, h ð Þ= 
Effect of distance measurement noise
In section ''Optimal distance,'' we have obtained the optimal distance between AUV and mobile buoys. From equation (28), we know that the optimal distance is related to the depth of AUV h and the parameter of distance measurement noise h. The depth of AUV is fixed and the parameter h is related to the selection of distance measurement sensor. As shown in equation (18), distance measurement noise increases with the parameter h. That is to say, the smaller the parameter h, the better the positioning performance. In this section, we will analyze the sensitivity of optimal distance to changes in distance-dependent measurement noise. By analyzing the monotony characteristics of optimal distance with respect to parameter h, the relationship between distance measurement noise and optimal distance is obtained. Define
then equation (28) is simplified as 
According to the definition of s(h, h), the monotony characteristics of r opt (h, h) are decided by the monotony characteristics of s(h, h) and r opt (s). The monotony characteristics of these two functions are derived in Appendix 1. Combining the results in Appendix 1, we get the monotony characteristic of r opt (h, h). It follows that r opt (h, h) are monotone decreasing functions with respect to h in the intervals 0, 
!
. The monotony characteristic of r opt (h, h) shows that the optimal distance r opt (h, h) decreases as the parameter h decreases, except for a small interval. From equation (28), we have
As suggested above, we get the relationship between optimal distance and distance measurement noise. That is, except for a small interval, the optimal distance decreases as the distance measurement noise increases, and it tends toward stability.
Simulations
This section is divided into two parts to illustrate the effectiveness of the optimal distance and the sensitivity of optimal distance to changes in distance-dependent measurement noise. In the following examples, four USVs in optimal formation are used to locate AUV, and AUV is fixed in the position of (0 m, 0 m, 100 m). The kinematics model of USVi is described as
where v i and c i are velocity and yaw of USVi, respectively. We assume that the distance measurement errors between AUV and USVs are around 1 m when USVs are close to AUV, and they increase with the distances between them. Then we choose the parameter s r = 1.
The position errors of USVs are assumed to be s s = 1.
Effectiveness of optimal distance and cost function
In this subsection, some simulation results are presented to verify the effectiveness of cost function and the validity of optimal distance. The kinematical parameters of USVs are shown in Table 1 . Figure 3 shows the trajectories of USVs in horizontal plane, and the distances between USVs and AUV increase with time. ''N,'' ''Ä,'' and ''w'' denote the positions of USVs at t = 100 s, t = 500 s and t = 1000 s, respectively. To better assess the positioning performance, the mean square error (MSE) of 100 Monte Carlo simulations is applied as the estimation of the positioning error. Figure 4 shows the relationship between distance and positioning error with the parameter h = 0:01 m À1 . The minimum value of the positioning error is reached at t = 120 s, and the corresponding distance is 164 m. By using equation (28) for optimal distance, we have r opt = 164 m. It coincides with the optimal distance in Figure 4 .
According to equation (24), we get the relationship between cost function and distance, and it is described in Figure 5 . Table 2 compares the values of positioning error and cost function in different time, and the ratio of cost function to positioning error is shown in bold. The ratio is slightly larger than 1. As discussed in section ''Cost function,'' the upper bound of mean variance is designed to estimate the positioning accuracy. Simulation results coincide with the mathematical deduction. It illustrates the effectiveness of the cost function. 
Influence of distance measurement noise
In this subsection, two examples are used to verify the influence of distance measurement noise. One example describes the relationship between optimal distance and distance measurement noise, and the relationship between cost function and distance between AUV and USV in different distance measurement noises is analyzed in the other example. From equation (28) , the optimal distances corresponding to parameter h are shown in Figure 6 . Simulation results show that the extremum values of optimal distance are reached when h = 0:009 m À1 and h = 0:013 m À1 . According to the conclusions in section ''Effect of distance measurement noise,'' we get that r opt (h, h) are monotone decreasing functions with respect to h in the intervals (0, 0:0092 m À1 ) and (0:0130 m À1 , +'), and it is a monotone increasing function in the interval (0:0092 m À1 , 0:0130 m À1 ). As parameter h increases, the optimal distance tends toward 163:3 m. Simulation results in Figure 6 agree with these results.
In this example, we will analyze the relationship between cost function and distance between AUV and USV in different h. Assume the kinematical parameters of USVs are shown in Table 1 . USVs are always in optimal formation, and the distances between USVs and AUV increase with time. The changes of cost function with respect to distance between AUV and USV in different parameters h are shown in Figure 7 . Table 3 shows the optimal distances in different parameters h. The optimal distances in Table 3 coincide with the results in Figure 6 . Except for a small interval, the optimal distance decreases as the the parameter h increases, and it tends to be a constant.
Conclusion
In this article, we establish a distance-dependent measurement noise. Based on this, the effect of distance measurement noise on optimal distance and position performance is analyzed. First, based on the positioning model of MLBL, the positioning error of AUV is deduced by considering the distance measurement errors and position errors of mobile buoys, and an upper bound of the mean variance is designed to estimate the positioning accuracy. Second, according to the cost function in optimal formation, the relationship between optimal distance and the parameter of distance measurement noise is presented. Then, by analyzing the monotony characteristic of optimal distance, the sensitivity of optimal distance to changes in distancedependent measurement noise is presented. Simulation results have demonstrated the effectiveness of optimal distance and the influence of distance measurement noise.
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That is to say, the optimal distance r opt (s) is a monotone increasing function with respect to s.
Monotony characteristic of s(h, h)
In this part, we will discuss the monotonicity of s with respect to h. Similarly, the monotony characteristic of s(h, h) is discussed in two cases. , the differential equation of s(h, h) with respect to h is written as
